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Proposing an optomechanical cavity modulated periodically, we study the modulation synchro-
nization of mechanical modes of the mirrors. A periodic modulation is applied to one of the mirrors,
where the second mirror has the capability of oscillation, without any modulation for that. As a
result, we find a phase-locking synchronization between the mechanical modes of the mirrors and
enhancement of quantum synchronization by having the periodic modulation. Using the fact that,
periodic modulation can make the squeezed states, we show that there is a robust synchronization of
periodic modulation between mirrors against enhancement of detuning between the mirrors. Also,
our results show that having a periodic modulation leads to a stationary entanglement generation
between the mirrors.
PACS numbers:
I. INTRODUCTION
Synchronization as a well-known classical phenomenon
has been observed in a large variety of contexts, eg. phys-
ical systems, biology, chemical reactions, and etc. [1–5].
The destructive effect of noises on synchronization and the
important role of them in the quantum regime made the
quantum systems very attractive to be considered as a great
system to trace the effect of noises on synchronization [6–8].
Although finding a proper and global measure of quantum
synchronization, and also the absence of a clear notion of
phase space trajectories are still the main challenges in the
studies on quantum synchronization [7].
As mentioned before, noise statistic overwhelms synchro-
nization in the quantum regime. So any scenarios of reduc-
ing the noises could be an interesting proposal of making
a synchronization. S.Sonew and et all, using the squeezing
hamiltonian instead of a harmonic derive, show that the
squeezing enhances quantum synchronization [9].
Periodic modulation has been reported as a technique
which may increase the possibility of achievement of
squeezed states in a wide variety of optomechanical sys-
tems [10–14]. By choosing appropriate periodic modula-
tion, one can achieve better squeezing in compare to the
other method of the creation of squeezed states [15, 16].
The effect of periodic modulation on quantum systems
are widely studied [17–19]. A. Frace and V. Giovannetti
showed enhancement on quantum effects in optomechan-
ical systems using periodic modulation [15]. Recently a
synchronization enhancement via periodic modulation in
optomechanical systems is also reported [20].
The aim of this work is to estimate the synchronization
of the periodic oscillation of the mirrors, raised by the peri-
odic modulation of one of them, in an optomechanical sys-
tem. It is also interesting to study the correlations between
the mirrors and finding a relation between correlations and
synchronization.
In this paper, we propose an optomechanical system with
two oscillating mirrors coupled to the same optical field in
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FIG. 1: (Color online) The system consists of a
Fabry-Perot cavity driven by an external laser and two
movable mirrors(M1 and M2), where the right mirror(M1)
is modulated periodically.
a cavity. One of the mirrors (M1) is considered to be mod-
ulated periodically (Fig.1). We investigate the generation
of a squeezed state of the mirrors and also the synchroniza-
tion and phase locking between their oscillation raised by
the modulation.
In following, our time modulated optomechanical system
is introduced and the Hamiltonian and the master equation
of the system are discussed. Then, using QuTiP[21] to solve
the master equation and also Langevin equations, we derive
the dynamics of the system and discuss the results.
II. THE SYSTEM
We proposed an optomechanical cavity with two mov-
able mirrors at both ends where they are interacting with
the optical field of the cavity of frequency ωc. The mirrors
are attached to springs of effective characteristic frequen-
cies ωM and ωM + ∆M for mirror1(M1) and mirror2(M2)
respectively, where ∆M is assumed to be the detuning of
the frequencies of the mirrors. The cavity is driven by a
laser of frequency ωL as it can be seen in Fig. 1. The pe-
riodic modulation on M1 is expressed as a time-dependent
function in the Hamiltonian of the system,
H = ∆a†a+
ωM
2
p21 + +
ωM
2
q21 [1 +  sin
2(Ωt)] (1)
+
(ωM + ∆M )
2
(p22 + q
2
2)− ga†a(q1 + q2) + iE(a† − a)
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2where ~ = 1, E determines the strength of the external
drive, q1,2 and p1,2 are the dimensionless position and mo-
mentum of the mirrors satisfying the commutation relation
[qk, pj ] = iδjk and g is the mirrors-field coupling constant.
In addition, ∆ = ωc − ωL is the detuning, and a(a†) is the
annihilation(creation) operator, of the cavity mode. Also,
 determines the domain of the modulation and Ω is the
modulation frequency.
The full dynamics of the system is described by a set of
nonlinear Langevin equations, including the effects of vac-
uum radiation noise and quantum Brownian noise acting
on the mirror. Dynamics of the cavity and mirror modes
under the Hamiltonian (1), are given by
a˙ = −(i∆ + κ)a+ ig(q1 + q2)a+ E +
√
2κain,
q˙1 = ωMp1,
p˙1 = −ωM (1 +  sin2(Ωt))q1 + ga†a− γm1p1 + ξ1,
q˙2 = (ωM + ∆M )p2,
p˙2 = −(ωM + ∆M )q2 + ga†a− γm2p2 + ξ2,
(2)
where ain is the radiation vacuum input noise with au-
tocorrelation function 〈ain(t)ain†(t′)〉 = δ(t − t′) and ξi(t)
is the Brownian noise operator of the mirror which is for
a good quality mirror with ωM  γm has autocorrelation
function satisfies the relation [22]
〈{ξ(t), ξ(t′)}〉 ≈ 2γm coth( ~ωM
2KBT
)δ(t− t′), (3)
where in the above equation, 〈.〉 is the anticomutator, KB
is the Boltzmann constant and T is the system tempera-
ture. Meanwhile, each operator can be expressed as sum
of stationary value plus an additional fluctuation operator,
a = αs+ δa, a
† = αs+ δa†, qi = Qi+ δqi and pi = Pi+ δpi,
while Qi(Pi), i = 1, 2 is steady values of dimensionless po-
sition (momentum). With definition x = a+a
†√
2
, y = a−a
†
i
√
2
,
xin = a
in+ain†√
2
, yin = a
in−ain†
i
√
2
are the quadratures of the
field and input noises, substitution of these equations in the
regime with large coherent amplitudes for mechanical and
optical field leads to the exact quantum linear Langevin
equations for the fluctuations as
δx˙ = ∆δy − κδx+
√
2κδxin,
δy˙ = −∆δx− κδy +G(δq1 + δq2) +
√
2κδyin,
δq˙1 = ωMδp1,
δp˙1 = −ωM (1 +  sin2(Ωt))δq1 +Gδx− γm1δp1 + ξ1,
δq˙2 = (ωM + ∆M )δp2,
δp˙2 = −(ωM + ∆M )δq2 +Gδx− γm2δp2 + ξ2,
(4)
where G =
√
2gαs. It could be possible to rewrite above
equations of motions in the compact matrix form
δ ˙U(t) = A.δU(t) + δN in(t). (5)
where δU(t) = (δx(t), δy(t), δq1(t), δp1(t), δq2(t), δp2(t))
T
is the system operator vector and δN in(t) =
(δxin, δY in, 0, ξ1, 0, ξ2)
T is the vector of noises and
the drift matrix A is given by
A =

−κ ∆ 0 0 0 0
∆ −κ G 0 G 0
0 0 0 ωm 0 0
G 0 −ωM (1 +  sin2(Ωt)) −γm1 0 0
0 0 0 0 0 ωM + ∆M
G 0 0 0 −(ωM + ∆M ) −γm2
 . (6)
Complete description of the system is given in terms of the
second statistical moments, which can be arranged in the
covariance matrix σ of entries σij(t) := 〈{Ui(t)Uj(t)}〉/2−
〈Ui(t)〉〈Uj(t)〉. The equation of motion for the covariance
matrix (σ) is
σ˙ = Aσ + σAT +D, (7)
where the diffusion matrix D reads D = diag{κ(2nph +
1), κ(2nph + 1), 0, γm1(2nm1 + 1), 0, γm2(2nm2 + 1)} while
nm = (e
~ωm/kBT − 1)−1 (nph = (e~∆/kBT − 1)−1) is the
mean phonon number of the mirror (field). These calcu-
lations have been done using the linearization technique
while it is possible to obtain the dynamics of the system
by solving the master equation of the system directly. In
the following, we introduce the master equation governing
the dynamics of our system and it would be worth to check
the amounts that the linearization affects our results by
comparing them from both approaches.
Also, one can use the master equation approach to derive
the dynamics of the system,
dρ
dt
= −i [ρ,H] +
2∑
i=1
γi
(
2biρb
†
i − b†i biρ− ρb†i bi
)
(8)
+κ
(
2aρa† − a†iaρ− ρa†a
)
.
Where bi(1, 2) is the annihilation operator corresponds to
the mechanical mode of the mirrors and system is intended
to be at zero temperature. Mirrors are also considered to
have the same damping rate γi(1, 2) while κ is the decay
rate of the cavity mode.
3FIG. 2: (Color online) Fluctuations after a sufficiently
long time when the system is almost stable as a function
of t/τ(τ = 2piω ). < ∆q
2
1 > / < ∆q
2
0 > (a) from master
equation approach (b) obtained by Langevin equations
and covariance matrix, < ∆q22 > / < ∆q
2
0 >, (c) from
master equation approach (d) obtained by Langevin
equations and covariance matrix, where q0 is the zero
point level of position quadrature.
III. RESULTS
We followed both, master equation and Langevin equa-
tions, approaches. Setting ωM = 1, other used normalized
parameters to ωM are as ∆ = 1, κ = 0.1, γ1 = γ2 = 0.001,
g = 0.05, Ω = 0.5,  = 0.5 and E = 2.1. The detuning ∆M
is left as variable to study the robustness of synchroniza-
tion.
A. Squeezing
In a quantum regime, fluctuations play a more impor-
tant role. It is expected to overcome the complications as-
sociated with added noises originating from quantum fluc-
tuations by squeezing and enhance quantum synchroniza-
tion [9]. Periodic modulation is introduced as a practical
approach to preparing squeezed states. Since it is an os-
cillating behaviour, it would be interesting to study the
synchronization of that. Indeed the first sign of having pe-
riodic modulation synchronization, would be the squeezing
of M2. Indeed, the first sign of having periodic modulation
synchronization would be the squeezing of the states of M2.
The ground-state fluctuations minimize the uncertainty
relation,
< ∆X21 >< ∆X
2
2 >>
1
4
|< [X1, X2] >|2 . (9)
It is possible to squeeze one of the quadratures to have the
fluctuations below the zero-point level at the expense of
increasing the fluctuation of the other quadrature.
Using the periodic modulation ωMq
2
1 sin
2(Ωt), in Hamil-
tonian Eq.1, the states of M1 are squeezed.Although only
M1 is modulated, in case of zero-detuning between the mir-
rors ∆M = 0, the states of M2 are also squeezed (Fig.2).
One can consider this squeezing of the states of M2 as a re-
sult of periodic modulation synchronization of the mirrors.
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FIG. 3: (Color online) Oscillations of position quadratures
of the mirrors after a sufficiently long time as a function
of t/τ(τ = 2piω ).
As can be seen from these results, for our system, there
is no significant difference between both the numerical ap-
proaches. Since all the results have a great coincidence, we
will demonstrate just the results obtained by the master
equation approach using QuTip.
B. Synchronization
Before using any measure to determine the synchroniza-
tion and phase locking between the oscillation of the mir-
rors, supported and enhanced by periodic modulation of
M1, we can take a look at Fig.3 where the final oscilla-
tions of the position quadratures q1 and q2 are plotted. It
is easy to find a phase locking between the oscillations of
the mirrors. Also, it is interesting to have the evolution of
the position and momentum quadratures of the mirrors. In
Fig.4, one can see that the evolution tends to a periodic or-
bit for both of mirrors. In case of zero-detuning (∆M = 0),
the orbits have almost same dimension while considering
the non zero-detuning regime the second mirror orbit get
smaller than the first mirror by increasing the detuning
∆M .
Mari et al. [7] introduced the following measure for syn-
chronization that one can gauge the synchronization level of
two subsystem using their position and momentum quadra-
tures,
S(t) =< q2−(t) + p
2
− >
−1, (10)
where q−(t) = [q1 − q2]/
√
2 and p−(t) = [p1 − p2]/
√
2.
The synchronization measure S(t) has a maximal value 1.0
correspond to a complete synchronization. This limit is
applied on S(t) by Heisenberg’s uncertainty principle.
Lei Du et al. enhanced a quantum synchronization in an
optomechanical system using a proper periodic modulation
[20]. They achieved the synchronization measure S(t) up to
0.9. We find the same value of S(t) for the synchronization
of the periodic modulation in our optomechanical system.
4FIG. 4: (Color online) The evolution of position and
momentum quadratures of the mirrors for a) ∆M = 0 at
the beginging, and b) ∆M = 0, c) ∆M = 0.05, d)
∆M = 0.1 after a sufficiently long time.
FIG. 5: (Color online) Quantum synchronization measure
S(t) as a function of t/τ(τ = 2piω ) for periodically
modulated system and ×80 t/τ for the system without
periodic modulation.
C. Mutual information and entanglement
The study of synchronization in a quantum system com-
posed of two subsystems A and B where they are correlated
attracts a lot of interests [23–25]. For instance, entangle-
ment between synchronized subsystems has been studied in
a variety of systems [26–28].
Among the variety of entanglement measures, we used
logarithmic negativity is defined as,
EN (ρ) = log2(||ρΓA ||), (11)
where ΓA is the partial transpose operation with respect to
subsystem A and ||.|| denotes the trace norm. In Fig.6(a)
the logarithmic negativity of the mirrors are plotted as
a function of time. As a result of periodic modulation,
the mirrors get entangled. Very recently Roulet, et al.
studied the relation between quantum synchronization and
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FIG. 6: (Color online) a) Entanglement and b) mutual
information as a function of t/τ(τ = 2piω ).
the generation of entanglement [29]. Comparing Fig.6(a)
and Fig.5, one can conclude that the entanglement gen-
eration starts as the mirrors are getting synchronized. Al-
though the relation between entanglement and synchroniza-
tion strongly depends on the details of the system, the mu-
tual information can signal about the presence of a quan-
tum synchronization more generally. Recently, Ameri et al.
showed that the synchronized subsystems have large mu-
tual information. So, it can be used as a signal of quantum
synchronization [30]. The quantum mutual information is
defined as,
I = S(ρA) + S(ρB) + S(ρ), (12)
where the quantum state of the system is traced partially
to derive the reduced density matrices ρA = TrB(ρ) and
ρB = TrA(ρ) and S(ρ) = −Tr[ρ log(ρ)] is the Von Neu-
mann entropy. Fig.6(b) shows the mutual information of
mirrors as a function of time. As can be seen from the Fig.5
and Fig.6, the strong correlation between the mutual infor-
mation, entanglement and synchronization approved again.
IV. CONCLUSION
In conclusion, we have demonstrated the possibility of
synchronizing a periodic modulation of one mirror to an-
other one in an optomechanical system. As a result, it
has been shown that the state of the second mirror is also
squeezed where it is one of the consequences of periodi-
cally modulated mirrors and the evolution of position and
momentum quadratures for both mirrors follow the same
periodic orbits originating from the periodic modulation of
the first mirror. Finally, the quantum synchronization mea-
5sure S(t) indicates that the mirrors are almost completely
synchronized.
Another interesting result of this work is an entangle-
ment generation between the mirrors due to the periodic
modulation. Looking at Fig.6 and Fig.5, one can conclude
that the entanglement generation and the synchronization
are almost started at the same time. So, as expected and
reported previously, the correlations can signal us about
the presence of synchronization in the systems.
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